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We consider a spin chain extending from Alice to Bob with next neighbors interactions, initially
in its ground state. Assuming that Bob measures the last spin of the chain, the energy of the
spin chain has to increase, at least on average, due to the measurement disturbance. Presumably,
the energy is provided by Bob’s measurement apparatus. Assuming now that, simultaneously to
Bob’s measurement, Alice measures the first spin, we show that either energy is not conserved, -
implausible - or the projection postulate doesn’t apply, and that there is signalling. An explicit
measurement model shows that energy is conserved (as expected), but that the spin chain energy
increase is not provided by the measurement apparatus(es), that the projection postulate is not
always valid - illustrating the Wigner-Araki-Yanase (WAY) theorem - and that there is signalling,
indeed. The signalling is due to the non-local interaction Hamiltonian. This raises the question of
a suitable quantum information inspired model of such non-local Hamiltonians.
I. INTRODUCTION
Consider a quantum system that extends over a dis-
tance from Alice to Bob, for instance a spin chain. As-
sume that the system is initially in its ground state and
that this is an entangled state. Alice and Bob have the
choice between either doing nothing or performing a pre-
determined measurement. If they chose to measure their
part of the system, the system gets perturbed, hence does
not remain in the ground state. Accordingly, its mean en-
ergy increases, borrowing - presumably - energy from the
measurement apparatus1 (or apparatuses if both Alice
and Bob perform a measurement). This scenario illus-
trates several interesting questions. Can Bob determine
whether Alice did measure her part of the system by
merely looking at the energy change of his measurement
apparatus? Is there signalling and what does signalling
mean in this non-relativistic scenario? Measuring an en-
ergy change requires time [1], hence there is a trade-off
between the energy measurement accuracy and the re-
quired measurement time. Finally, how should one model
energy measurements in a finite time?
We analyse this simple situation and see that there
is signalling, indeed, but nothing non-physical. We also
learn that, strictly speaking, it is not the measurement
apparatuses that provide the energy. Finally, we see that
the standard projection postulate can’t be blindly ap-
plied to sharp energy measurements. We also recall how
one can model realistic energy measurements using quan-
tum clocks.
Somehow, all this can be found in a diversity of lit-
erature [2–9], but it seems poorly known and is usually
not presented and illustrated in a concise form. We shall
consider spin chains, a subject usually studied by solid
state theorists, but our approach is in the spirit of quan-
tum information. For example, in solid state next neigh-
bors interaction Hamiltonians are called local because
1 We include the local environment in the measurement apparatus.
their range extends only over a finite distance, while the
same Hamiltonians are thought of as nonlocal in quan-
tum information because they allow one to entangled
distant spins. Solid state theorists know well the Lieb-
Robinson light-cone-like bound on information propaga-
tion in spin chains [2–4], but are not too concerned about
the exponentially small information propagating outside
that cone, while quantum information is much concerned
about any superluminal information. Also, the WAY the-
orem [5–8] is mostly known in solid state, but possibly
not in the form we illustrate in this paper. Finally, sev-
eral intriguing questions remain open.
II. THE 3-SPIN CHAIN EXAMPLE
Consider a chain of spin 12 with next neighbors inter-
actions, see Fig. 1. For simplicity we limit ourselves to
a 3-spin chain, though longer chains would equally work,
and, admittedly, a mere 2 spin system would also suf-
fice. But let’s consider 3 spins on a line, Alice holding
the first spin and Bob the third spin, with the following
next neighbors interaction:
Hj,j+1 =
1
2
√
2
(σjx ⊗ σj+1x − σjy ⊗ σj+1y ) (1)
The coefficient is chosen to simplify the eigenvalues.
FIG. 1: A linear chain of spin 1
2
with next neighbors interac-
tions. Alice holds the first spin and Bob the last one.
Note that this Hamiltonian can equivalently be writ-
ten in terms of the Bell states Φ± = 1√
2
(| ↑↑〉 ± | ↓↓〉):
Hj,j+1 =
1√
2
(PΦ+ − PΦ−), where PΦ± ≡ |Φ±〉〈Φ±| de-
notes the projector on state |Φ±〉. Hence, in the ground
2state each neighbor pair of spins should be close to the
Φ− state.
The eigenstates of the 3-spin Hamiltonian
H ≡ H1,2 +H2,3 (2)
read as follows, where the lower index indicates the cor-
responding eigenvalue (H |φE〉 = E|φE〉):
φ−1 =
1√
2
| ↑↑↑〉 − 1
2
| ↑↓↓ + ↓↓↑〉 (3)
φ10 = | ↑↓↑〉 (4)
φ20 =
1√
2
| ↑↓↓ − ↓↓↑〉 (5)
φ+1 =
1√
2
| ↑↑↑〉+ 1
2
| ↑↓↓ + ↓↓↑〉 (6)
By symmetry of the Hamiltonian, flipping all 3 spins
doesn’t change the energy eigenvalue, hence the 4 other
eigenstates are obtained by flipping all 3 spins. Accord-
ingly, there are 3 eigenvalues: ±1 doubly degenerated
and 0 4-times degenerated.
We assume the 3-spin system is initially in state φ−1,
hence the energy of the system is initially minimal: Ein =
−1.
III. CASE WHERE ONLY BOB MEASURES σz
Let’s first assume that only Bob performs a measure-
ment, σz , while Alice remains passive. Denote b Bob’s
measurement result and ∆Eb the mean energy increase
of the 3-spin chain in case Bob got the result b = ±1.
Consider the outcome b = +1 which happens with
probability 34 (see eq. 3). Conditioned on this b = +1
outcome, the energy increases on average by 1/3 unit:
∆Eb=+1 =
〈PB↑ φ−1|H |PB↑ φ−1〉
〈φ−1|PB↑ |φ−1〉
− Ein (7)
=
−2
3
− (−1) = 1
3
(8)
where PB↑ denotes the projector on Bob’s spin up.
Note that if the energy of the 3-spin chain is measured
sharply, the energy increase is found to be either 0, 1 or 2
units - as the energy eigenstates are 0 and ±1 - with prob-
abilities 34 ,
1
6 and
1
12 , respectively. The average recovers
1/3, as it should. Finally, the mean energy increase, av-
eraged over all possible results b = ±1, equals 1/2. All
cases are summarized in Table I of Appendix A.
In summary, let’s remember that for outcome b = +1,
the energy increase is +1/3.
This energy increase has to come from somewhere.
Since the 3-spin chain interacted only with Bob’s mea-
surement apparatus, it has to be the case that the energy
was provided by this measurement apparatus and Bob
should be able to measure his apparatus and find that it
has lost energy −1/3 on average.
Note that since the situation is symmetric between Al-
ice and Bob, the 3-spin system undergoes the same en-
ergy increase of +1/3 in the case where only Alice per-
forms a σz measurement and gets a = +1.
IV. CASE WHERE BOTH ALICE AND BOB
MEASURE σz
Next, let’s assume that Alice and Bob measure σz on
their spins with results a and b. Assume for simplicity
that both measurements are simultaneous. Consider the
case where both Alice and Bob get result +1: a = b =
+1. This happens with probability 12 . In this case the
averaged energy increase is +1:
∆Ea=b=+1 =
〈PAB↑↑ φ−1|H |PAB↑↑ φ−1〉
〈φ−1|PAB↑↑ |φ−1〉
− Ein (9)
= 0− (−1) = 1 (10)
where PAB↑↑ = P
A
↑ ⊗ 1 ⊗ PB↑ denotes the tensor product
projector on Alice and Bob’s spins up.
This leads to a conundrum: since Alice and Bob are
at a distance and perform their measurements simulta-
neously, Alice and Bob’s measurement apparatuses each
provide the average energy +1/3, as if the other did not
perform any measurement. But then, where does the
third 1/3 energy increase come from?
A second aspect of this conundrum goes as follows. By
symmetry, if both Alice and Bob measure simultaneously
their spins, then the energy increase +1 should be pro-
vided equally by both measurement apparatuses, +1/2
each. But then, Bob could detect whether Alice did per-
form a measurement or not, just by looking at the energy
change of his apparatus. Does that lead to (unphysical)
signalling [10]?
Several observations are due here:
First, we conditioned all the above analysis on Al-
ice and/or Bob, whoever measured, getting result +1.
Hence, Bob would have to wait until he knows Alice’s re-
sult, an information he can’t get faster than light. Con-
sequently, this is not signalling in the sense of faster
than light communication. Nevertheless, it seems ob-
vious that the energy of Bob’s measurement apparatus
doesn’t change when he receives the information about
Alice’s result. Hence, the conundrums remain.
Second, in quantum theory signalling has nothing to
do with the speed of light c: there is no c in any Hilbert
space. Signalling is unphysical communication, i.e. in-
formation transfer without any physical system carrying
this information, as in Newtonian gravity [10].
Third, it is well-known that the Lieb-Robinson bound
describes the propagation of information in any spin
chain (and lattice) as bounded by some finite velocity
[2–4]. Only an exponentially small amount of informa-
tion propagates outside this light-cone-like cone. Here,
however, we are concerned with this small amount of in-
formation that seems to propagate at an arbitrarily fast
speed.
3Actually, a more involved analysis of all possible cases
reveals that signalling remains also if one doesn’t condi-
tion on the result +1. But for the fluidity of our story,
we relegate this more involved analysis to Appendix A.
V. WHAT COULD GO WRONG?
So, what could have gone wrong? We merely assumed
energy conservation and the standard projection postu-
late.
Some readers may have heard that additive conserved
quantities, like e.g. energy, can’t be measured accurately
in a reproducible way, e.g. that the projection postulate
is inadequate for energy measurements [5–8]. Moreover,
many readers are aware that energy measurements gen-
erally take time2. But the consequence for our story of
this last point is unclear. Moreover, the length of the spin
chain could be increased with similar conclusions; hence
the Alice-Bob distance could seemingly be adapted to
whatever finite duration energy measurements require.
In order to get a clear understanding of the situation
we need to put the measurement apparatus(es) within a
larger autonomous quantum system. Then energy con-
servation follows directly from the Schro¨dinger equation,
isn’t it? The standard model of quantum measurements,
due to Von Neumann [11], uses time-dependent Hamilto-
nians, as we recall in the next section. But energy con-
servation with time-dependent Hamiltonians is unclear.
Hence, we need to incorporate in a grand autonomous
quantum system also clocks, actually quantum clocks.
This is done in section VII. To prepare the ground for
this we introduce in the next section energy measure-
ment models of a single spin, first in the energy eigen-
basis (sub-section VIA), next in an arbitrary basis (sub-
section VIB) and finally two simultaneous measurements
(sub-section VIC).
VI. MODELS OF QUANTUM
MEASUREMENTS
The standard model of quantum measurements goes
back to Von Neumann [11]. Consider an observable A
and a (1-dimensional) pointer with position and momen-
tum operators q and p, respectively. The system and
the pointer are coupled by the interaction Hamiltonian
Hint(t) = g(t)A⊗p, where g(t) is a function of time non-
vanishing only for a short time close to the time of the
2 As proven by Aharonov and Bohm long ago, this is not necessar-
ily the case provided the Hamiltonian is known [12]. However, as
shown more recently by Aharonov, Massar and Popescu, in cases
where the Hamiltonian is not known, there is a tradeoff between
the measurement time and energy accuracy, indeed [1]. In any
case, here the 3-spin Hamiltonian is known, but Alice and/or
Bob measure only one of the spins.
measurement, tm, and such that
∫
g(t)dt = 1. During
the interaction g(t) is assumed large enough that the in-
teraction Hamiltonian dominates all other Hamiltonians.
Denote Φ0 the initial state of the pointer, e.g. a Gaussian
centered around position 0. Denoting ψ0 the initial state
of the system, one has:
e−i
∫
Hint(t)dtψ0 ⊗ Φ0 = e−iA⊗pψ0 ⊗ Φ0
=
∑
a
〈a|ψ0〉 |a〉 ⊗ Φa (11)
where the a’s and |a〉’s denote the eigenvalues and eigen-
vectors of the observable A, respectively, and Φa ≡
e−ia·pΦ0 is the state of the pointer displaced by a distance
corresponding to the eigenvalue a. If the pointer’s posi-
tion quantum indeterminacy (often called uncertainty) is
smaller than the distance between the eigenvalues of A,
then a position measurement of the pointer determines
the measurement result of the observableA: xpointer ≈ a.
Such measurements are called strong or sharp. The other
cases, when the indeterminacy is not negligible, are called
weak.
Let us stress explicitly that all strengths of measure-
ments can thus be modeled - not only ultra-weak mea-
surements - and that this model has nothing to do with
the notion of weak values as developed by Aharonov and
coworkers3 [13].
In this paper we consider only strong measurements
with binary outcomes. Consequently, it suffices to con-
sider pointers living in a 2-dimensional Hilbert space,
i.e. the pointer is a mere qubit. Note that this
qubit could represent a large quantum system, like a
pointer with basis states |point to label ”spin up”〉 and
|point to label ”spin down”〉.
Accordingly, a measurement of A = σz can be modeled
with the following interaction Hamiltonian:
Hint =
π
2
g(t)P spin↑ ⊗ σpointerx (12)
where P spin↑ ≡ | ↑〉〈↑ | denote the projector on the spin-up
state. The spin and qubit-pointer evolve:
e−i
∫
Hint(t)dtψ0 ⊗ |0〉
= e−i
pi
2 P
spin
↑
⊗σpointerx ψ0 ⊗ |0〉 (13)
= 〈↑ |ψ0〉| ↑〉spin ⊗ |1〉pointer + 〈↓ |ψ0〉| ↓〉spin ⊗ |0〉pointer
The Von Neumann model is a useful tool. However,
since the interaction Hamiltonian depends on time, en-
ergy is not conserved. Hence this model is not suitable to
analyze our spin chain example. In addition to the sys-
tem and the pointer we need a quantum clock that deter-
mines when the system-pointer interaction is on [14, 15].
3 This comment is mostly for standard referees. Indeed, in all my
previous papers using weak measurements there has always been
at least one referee who confused weak measurements with weak
values.
4FIG. 2: The quantum clock starts on the far left, around po-
sition −xi, triggers the spin-pointer interaction near position
0, and goes on to the right around position t− xi.
As clock we consider a simple 1-dimensional wave packet
(possibly with bounded support) moving along a line
with the Hamiltonian p. This Hamiltonian is unbounded
from below, hence unphysical, but sufficient for our pur-
pose. Note that the clock’s velocity is unity, hence time
can be directly read from the clock’s position. The spread
of the clock’s wave-packet remains constant and corre-
sponds to the time uncertainty.
In order to gain familiarity with this measurement
model, the following sub-sections considers measure-
ments on a single spin 12 .
A. Measurements of a single spin in the energy
eigenbasis
Consider a system consisting of the following 3 subsys-
tems: a spin 12 , a qubit (the pointer) and a 1-dimensional
clock. The initial state of the qubit-pointer is |0〉 and the
clock starts in a state φ−xi of width ∆ centered around
−xi on the far left of the 1-dimensional axis, see Fig. 2.
The interaction takes place when the clock is around the
origin of that axis. We assume that the pointer has no
free Hamiltonian, while the spin’s Hamiltonian is ωσz.
In this sub-section we consider the case where the spin
is measured along the z-direction, i.e. the observable is
σz . The full (time independent) Hamiltonian reads thus:
H = ωσspinz + p
clock + | ↑〉〈↑ | ⊗ σpointerx ⊗ g(qclock) (14)
where the function g is nonzero only in a small interval
near the origin, see Fig. 2; its norm is such that when the
clock is near the origin and if the spin points “up”, then
the qubit-pointer gets flipped (action by σpointerx with a
coupling
∫∞
−∞ g(x)dx = π/2).
If the spin’s initial state is |~m〉 = c| ↑〉+ s| ↓〉, see Fig.
3, then, for t >> xi:
e−iHt|~m, 0, φ−xi〉 =
(
ce−iωt| ↑, 1〉+ seiωt| ↓, 0〉)|φt−xi〉
(15)
where we dropped the suffixes: we always write the quan-
tum states in the order spin-pointer-clock.
Accordingly, the pointer’s state is fully correlated with
the spin energy eigenstate and this remain so for all times
t >> xi. Consequently, reading the pointer provides full
information about the spin’s state and energy. This il-
lustrates that when the (spin) Hamiltonian is known, the
energy can be measured in an arbitrarily short time [12].
FIG. 3: Sketch of the configuration of a quantum measurement
of the energy of a spin.
But this is not true when the Hamiltonian is unknown
[1].
As a side remark, we note that if such a measure-
ment model is applied to a photon number measurement,
A = a†a, on a coherent photonic state, the pointer (which
would need to have an countably infinite number of or-
thogonal states) merely reveals the number of photons in
the initial coherent state. This agrees well with the fact
that when there is no phase reference, as in photon num-
ber measurements, a coherent state is indistinguishable
from a Poisson photon-number statistical distribution for
which a photon number measurement merely reveals the
pre-existing number of photons.
B. Measurement of a single spin in a basis
incompatible with the energy: it is not the pointer
that provides the energy
Here we apply our measurement model to the more
interesting case in which the spin Hamiltonian ωσz does
not commute with the measured observable |θ〉〈θ|, where
|θ〉 = c| ↑〉+ s| ↓〉, see Fig. 4:
H = ωσspinz + p
clock + |θ〉〈θ| ⊗ σpointerx ⊗ g(qclock) (16)
For simplicity assume that the spin is initially “down”.
We start by assuming that the clock is in a delta func-
tion, i.e. ∆ = 0. Once this case solved, the full solution
can be obtained by linearity of the Schro¨dinger equation.
| ↓, 0,−xi〉 t=xi−ǫ→
(
s|θ, 0〉 − c|θ⊥, 0〉)| − ǫ〉
t=xi+ǫ→ (s|θ, 1〉 − c|θ⊥, 0〉)|+ ǫ〉
=
(
sc | ↑, 1〉+ s2| ↓, 1〉 − sc| ↑, 0〉+ c2| ↓, 0〉)|+ ǫ〉
t=x+xi→ (sc · e−2iωx| ↑, 1〉+ s2| ↓, 1〉 (17)
−sc · e−2iωx| ↑, 0〉+ c2| ↓, 0〉)|x〉
Note that the phases in the above expression are very
important. Indeed, for all states |φ〉 of the clock, one
has:
〈e−2iωxφ|p|e−2iωxφ〉 = 〈φ|p|φ〉 − 2ω (18)
5Consequently, the first and third terms in (17) indicate
that the spin was flipped by the measurement and that
the increase of energy was provided by the clock. As an-
ticipated in the introduction, it is thus not the measure-
ment apparatus, stricto sensu the pointer, that provides
the energy. Note that this had to be expected: since the
pointer carries no energy, any energy change of the spin
has to be compensated by energy change in the clock.
It should be stressed that the change in the expectation
value of the “momentum” of the pointer doesn’t mean
that the pointer changes speed (with respect to the out-
side time). Indeed, recall that we use the (unphysical)
clock Hamiltonian p, hence the operator p should not be
thought of as “momentum”, but rather as a mere dis-
placement operator. Hence, shifting p affects the energy,
but not the velocity of the clock (only the global phase
may be affected), nor its spread that remains unchanged.
FIG. 4: Sketch of the configuration of a quantum measurement
on a spin in a basis incompatible with the energy.
By superposing many delta functions one can recover
all possible initial wave-functions. Denote |(x, p)〉 a wave-
packet with mean position and momentum x and p, re-
spectively4. One has, for t >> x:
| ↓, 0, (−x, p)〉 t→ sc| ↑, 0, (t− x, p− 2ω)〉
+ s2| ↓, 0, (t− x, p)〉
− sc| ↑, 1, (t− x, p− 2ω)〉
+ c2| ↓, 1, (t− x, p)〉 (19)
up to an irrelevant global phase eiωt. Note that in the 1st
and 3rd components above the spin is flipped, hence in-
creases its energy by 2ω, which is precisely compensated
by the clock’s energy shifts of −2ω.
The solution (19) is interesting. Assume first that
the pointer’s momentum indeterminacy - and hence the
4 For simplicity we assume Gaussian-like wave-packets and we
don’t consider wave-packets with complex structures, e.g. with
several peaks.
pointer’s energy indeterminacy - is large, i.e. |(x, p)〉 ≈
|(x, p− 2ω)〉. In this case (19) simplifies to:
| ↓, 0, (−x, p)〉 t→ (s|θ, 0〉 − c|θ⊥, 1〉)|(t− x, p)〉 (20)
which corresponds to merely applying the usual projec-
tion postulate to the initial state |~m〉: if the pointer’s
state reads |0〉 or |1〉, then the spin state is Pθ| ↓〉 or
Pθ⊥ | ↓〉, respectively. In this case energy conservation is
badly defined, as the initial and final energies are poorly
determined. Note that the clock factorizes.
Next, consider the case where the clock’s momentum
is sharply determined, hence the clock’s energy is sharply
determined. In this case, measuring the pointer does not
lead to a pure state of the spin, but in a spin-clock entan-
gled state, such that the total energy is well determined
and conserved. Furthermore, if one merely traces out
(i.e. ignores) the clock, then the spin ends up in a mixed
state:
|0〉pointer → ρspin = s2c2| ↑〉〈↑ |+ s4| ↓〉〈↓ | (21)
and similarly for the other possible result. Note that
Tr(ρspin) = prob(result |θ〉) = s2 = |〈θ| ↓〉|2; the Born
rule thus holds, but the post-measurement state differs
from the one predicted by the projection postulate.
Let’s emphasize that in this case of well determined
energy one can’t merely apply the projection postulate:
in this case the projection postulate is not valid, as an-
ticipated long ago by Wigner, Araki and Yanase, i.e. the
WAY theorem [5–7], for a recent review see [8]. Let’s
recall that the WAY theorem states that additive con-
served quantities can’t be measured in a reproducible
way. Since energy is a conserved additive quantity and
since reproducible measurements, sometimes called ideal
measurements, are described by the projection postulate,
our result illustrates the WAY theorem5.
C. Simultaneous measurements on one spin
In order to get ready to apply our measurement model
to our 3-spin example, let’s now model a simultaneous
measurement of a single spin with two pointers, the A-
pointer and B-pointer, each associated to a clock, the A-
clock and B-clock, respectively, see Fig. 5. For simplicity
we assume that the two simultaneous measurements are
compatible (even identical for this simple example), but
not in the energy basis:
H = ωσz + p
Aclock
x + p
Bclock
y
5 As careful readers will have noticed, in this subsection we do not
measure energy, but measure a spin component in an arbitrary
direction θ. This corresponds to the case where the Hamiltonian
is unknown. In such a case, all one can do is to perform some
measurements, possibly weak measurements, in an arbitrary di-
rection as in this subsection.
6+ |θ〉〈θ| ⊗ σApointerx ⊗ g(qAclock)
+ |θ〉〈θ| ⊗ σBpointerx ⊗ g(qBclock) (22)
FIG. 5: Two quantum clocks that trigger, when around posi-
tion 0, quantum measurements on a single spin. The initial
states of the two clocks, φAxi and φ
B
yi , determine whether the
two measurements are successive, simultaneous or partially
overlapping. Note that the two clocks could be initially entan-
gled.
A computation very similar to that of the previous
sub-section leads to a result similar to (17):
φABt (x, y) =
{
sc · e−2iω·max(x,y)| ↑, 1− 0, c2 · 1 + s2 · 0〉
+ sc · e−2iω·min(x,y)| ↑, s2 · 1 + c2 · 0, 1− 0〉
+ s2c2 · e−2iω|x−y|| ↓, 1− 0, 1− 0〉
+ | ↓, s2 · 1 + c2 · 0, s2 · 1 + c2 · 0〉}
· Φt(x, y) (23)
where Φt(x, y) = Φ0(x − t, y − t) and
|s2 · 1 + c2 · 0〉 ≡ s2|1〉 + c2|0〉. Note that
e−2iω|x−y| = e−2iω(max(x,y)−min(x,y)). The presence
of max(x, y) and min(x, y) in eq. (23) indicates that
it matters which pointer interacts first with the spin.
To illustrate this, assume xi << yi, i.e. the A-pointer
measures the spin before the B-pointer. In this case,
using notation as in (19), eq. (23) simplifies to:
φA<Bt = (24)
sc| ↑, 1− 0, c2 · 1 + s2 · 0〉|(t−xi, pA−2ω), (t−yi, pB)〉
+sc| ↑, s2 · 1 + c2 · 0, 1− 0〉|(t− xi, pA), (t−yi, pB−2ω)〉
+| ↓, s2 · 1 + c2 · 0, s2 · 1 + c2 · 0〉|(t−xi, pA), (t−yi, pB)〉
+s2c2| ↓, 1− 0, 1− 0〉|(t−xi, pA−2ω), (t−yi, pB+2ω)〉
The first line in the equation above represents the case
where the A-clock provides the energy for the spin flip,
the second line the case where the B-clock provides the
energy, the third line the case where no energy is ex-
changed and the fourth line the case where Alice’s clock
provides energy and Bob’s clock takes it away, i.e. the
case where there are 2 spin flips. This clearly entangles
the clocks and the spin, even after the pointers are mea-
sured.
In Appendix B we analyse the state of the spin and
clocks once the pointers have been measured. This illus-
trates again that the projection postulate is not always
valid [9].
The above result calls for an analysis when the two
clocks are initially entangled. However, since this is not
the main purpose of this paper we defer this analysis to
Appendix C.
VII. MEASUREMENTS ON OUR 3-SPIN
EXAMPLES WITH QUANTUM CLOCKS
We are now in position to apply our measurement
model to our 3-spin chain example. The global system,
consisting of the 3-spin chain and of Alice and Bob’s
pointers and clocks, undergoes an autonomous evolution
governed by the time-independent Hamiltonian:
H = H1,2 +H2,3 + p
Aclock
x + p
Bclock
y
+ | ↑〉A〈↑ | ⊗ σApointerx ⊗ g(qAclock)
+ | ↑〉B〈↑ | ⊗ σBpointerx ⊗ g(qBclock) (25)
where the interaction Hamiltonians Hj,j+1 are given by
(1). Note that the measurements are compatible, i.e.
| ↑〉A〈↑ | and | ↑〉B〈↑ | commute, but are not compatible
with the 3-spin energy. The computation is similar to
those of the previous section. The full solution, analogous
to (23), reads:
|φ−1, 0A, 0B,Φ0(x, y)〉 t→ φABt
=
{|φ−1, 3·0+14 , 3·0+14 〉
+ |φ+1, 3·0+14 , 0−14 〉e−4iω·min(x,y)
+ |φ0, 3·0+14 , 0−1√8 〉e
−2iω·min(x,y)
+ |φ+1, 0−14 , 3·0+14 〉e−4iω·max(x,y)
+ |φ−1, 0−14 , 0+−14 〉e−4iω·|x−y|
− |φ0, 0−14 , 0−1√8 〉e
−2iω·(2max(x,y)−min(x,y))
+ |φ+1, 0−1√8 ,
0−1√
8
〉e−2iω·(max(x,y)+min(x,y))
− |φ−1, 0−1√8 ,
0−1√
8
〉e−2iω·|x−y|
− |φ0, 0−1√8 ,
0+1√
8
〉e−2iω·max(x,y)}φ0(x− t, y − t) (26)
Everything can be computed from this last expression.
For example, Appendix D presents the case where Alice
measures before Bob, with notations analog to (24), illus-
trating all possible energy exchanges that may happen.
The general solution (26) clearly indicates that if the
clock’s energy indeterminacy is large enough, then the
state of the two clocks factorizes and the projection pos-
tulate applies. However, in this case the energy indeter-
minacy is too large for Bob, by measuring his measure-
ment apparatus, to gain any useful information about
energy changes and hence about Alice’s choice to mea-
sure her spin or not.
In the other extreme case, if the energy indetermi-
nacy of the clocks is low enough for Alice and Bob to
distinguish the cases in which their clocks provided en-
ergy, gained energy or ended up with their initial en-
ergy, then, as in the spin case of sub-section VIC, the
clocks get entangled. This clock-entanglement remains
7even once the pointers have been measured. Hence, Bob,
by merely measuring his measurement apparatus (pointer
plus clock) can gain useful information about whether or
not Alice did measure her spin. This confirms that there
is signalling, indeed.
In the conclusion we discuss what produces this sig-
nalling and how one should interpret and possibly model
it. But let’s immediately recall that we use a non-local
next neighbor interaction Hamiltonian. Hence, at the
end of the day, the presence of signalling should not be
surprising.
The other main lesson from this exercise is that the
projection postulate should not be applied blindly. There
are cases in which it leads to wrong predictions. In
particular, when measuring additive physical quantities
that commute with the global Hamiltonian, hence are
conserved quantities, like energy as in our example, one
should be careful and better develop a full measurement
model rather than merely applying the projection postu-
late. Somehow, this is not too surprising. Indeed, to mea-
sure energy requires time [1]. But then, during the mea-
surement the system evolves: intuitively, the measured
system gets continuously projected, but the components
projected at earlier times evolve while some components
get projected later, as our model with the quantum clocks
illustrate. The latter leads to a reduced state which is,
once the clock(s) is(are) traced out, an effectively mixed
state.
VIII. CONCLUSION AND OUTLOOK
When one spin of an arbitrarily long spin chain is mea-
sured, the entire spin chain gets disturbed and its energy
modified by the measurement. Assuming next neigh-
bors interactions, this leads to apparent non-physical sig-
nalling (section IV) and even to faster than light sig-
nalling (appendix A). This raises suspicions on energy
conservation (see e.g. [16]) - though implausible - and on
the brutal application of the projection postulate. Since
energy measurements require time [1], any explicit mea-
surement model requires the introduction of quantum
clocks, as we did in section VI. We applied this simple and
natural measurement model to our spin chain example,
see section VII, concluding that the projection postulate
can’t be merely applied to all measurements, especially
not when conserved additive physical quantities like en-
ergy are concerned. This illustrates the WAY theorem
[5–8]. Our measurement model, however, confirms the
presence of signalling.
This signalling is clearly due to the non-local Hamilto-
nian that connects next neighbors. This is reminiscent of
the Lieb-Robinson theorem which bounds the speed of in-
formation flow in such spin systems [2–4]. However, this
theorem only sets an exponential bound on the amount
of information that propagates faster than this speed.
Hence, no sharp no-signalling bound can be derived from
the Lieb-Robinson result, in particular it has nothing to
do with the speed of light.
FIG. 6: Sketch of a model for non-local Hamiltonians describ-
ing the interaction between two quantum systems (black dots),
with a flying boson (auxiliary system) and local unitaries U .
At the end of our analysis, the explanation of the ap-
parent signalling as entirely due to the use of non-local
interaction Hamiltonians is certainly correct, but not
fully satisfactory. One may like to model such non-local
Hamiltonians with explicit ”bosons” that fly at finite
speeds between next neighbors whose net result could
be summarized by the non-local Hamiltonian. This can
be done by merely invoking quantum field theory. How-
ever, we believe that a model closer in spirit to quan-
tum information would be very valuable. More precisely,
the idea to model an interaction Hamiltonian between
two spins would be to add an auxiliary quantum system
that flies back-&-forth between these two spins with lo-
cal unitary interactions U , see Fig. 6, such that after a
go-&-return the net result on all eigenstates |ψε〉 of the
non-local Hamiltonian is a global phase proportional to
the Hamiltonian eigenvalues ε:
U1,aux ⊗ Uaux,2|ψε〉 ⊗ |0〉 = e−iετ/h¯|ψε〉 ⊗ |0〉 (27)
where τ is the time of a go-&-return of the auxiliary
system and |0〉 is its initial state. In this way, on time
scales longer than τ , the auxiliary system mediates an
effective interaction between the two spins described by
the Hamiltonian H =
∑
ε ε|ψε〉〈ψε|. The search for such
a quantum information inspired model raises interesting
questions. Can the auxiliary system merely be a qubit?
It seems not. Can it be finite dimensional? or does it
need infinite dimensions like the bosons (harmonic oscil-
lators) of quantum field theory?
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Appendix A: Sharp energy measurements lead to
apparent faster than light signalling
Section IV illustrated that our spin chain allows for sig-
nalling. We termed this signalling non-physical although it
is not faster than light, because it assumes post-selecting the
cases where Alice and Bob both get result +1. Here we show
that there is also faster-than-light signalling.
In this Appendix we use the more compact notations 0
and 1 for the measurements results, instead of +1 and −1,
respectively.
The tables I and II present the energy changes in all pos-
sible cases when only Bob measures his spin (Table I) and
when both Alice and Bob measure their spins (Table II).
Table I shows that on average the 3-spin system’s energy
increases by + 1
2
, see last column. This corresponds to +1/3
if Bob gets spin up (b = 0), probability 3/4 and +1 if he gets
spin down (b = 1), probability 1/4. If the 3-spin system’s
energy is measured sharply, then the energy change can only
take values 0, 1 and 2 (where 0 means no change). Column 4
indicates the corresponding probabilities.
b prob(b) ∆Eb prob(∆Eb) ∆Eb 〈∆E〉
0 3/4 0 3/4
1 1/6 +1/3
2 1/12
+1/2
1 1/4 0 1/4
1 1/2 +1
2 1/4
TABLE I: The 1st column indicates Bob’s measurement re-
sult, with the corresponding probability in the 2nd column.
The 3rd column indicates the possibly energy increases of the
3-spin system, with the corresponding probabilities (condi-
tioned on Bob’s measurement result) in column 4. Column 5
is the mean energy increase conditioned on Bob’s result, while
the last column is the unconditional energy increase.
To analyse the data in Table II let’s start from the last
column. When both Alice and Bob measure, the total energy
increase is of +1 unit, averaged over all possible measurement
results. By symmetry, it is natural to assume that this +1
energy increase is equally provided by both sides, as shown
in the small bracket in the last column of Table II, in perfect
agreement with the fact that when only one party measures,
it provides an energy increase of +1/2 (last column of Table
I).
However, the energy contributions of the two sides depend
on which of the three possible measurement results obtains, as
indicated on the last but one column of table II. For example,
when the results are 00, then the total energy change is +1
and, again by symmetry both sides should provide half an
energy unit. But that is not in agreement with the case where
only Bob - or only Alice - performs a measurement, as in
such a case he - she - provides only +1/3 energy! This is the
conundrumwe presented in section IV. Note that this does not
correspond to faster than light signalling, as this conundrum
assumes that both Alice and Bob get result 0 (spin up), hence
9a b prob(a,b) ∆Eab prob(∆Eab) ∆Eab 〈∆E〉
=∆Ea|b + ∆Eb|a =∆Ea|b + ∆Eb|a
0 0 1/2 0 ( ?= 0 + 0) 1/2
1 0 +1( ?= 1
2
+ 1
2
)
2( ?= 1 + 1) 1/2
1 0 1/4 0( ?= 0 + 0) 1/4
1( ?= a1 + b1) 1/2 +1(
?
= 1 + 0) +1
2( ?= a2 + b2) 1/4 (
?
= 1
2
+ 1
2
)
0 1 1/4 0( ?= 0 + 0) 1/4
1( ?= a3 + b3) 1/2 +1(
?
= 0 + 1)
2( ?= a4 + b4) 1/4
TABLE II: Notation are as in table I, with the addition of
which apparatuses provides which part of the energy. For ex-
ample +1
?
= 1
2
+ 1
2
indicates that the 3-spin energy increase
of one unit is presumably equally provides by both measure-
ment apparatuses (pretty obvious by symmetry in this exam-
ple). When the split is not obvious, the contributions of each
apparatus are indicated by aj and bj .
they must communicate to each other their result. So, let’s
assume that in case of result 00, both sides provide energy
+1/2, as indicated in the bracket of the last column of Table
II.
In the remaining of this appendix A we show that the co-
nundrum extends to true faster than light signalling. First,
assume that for result 00, both sides provide energy +1/2.
Next, as a warm-up, consider the results a = 1, b = 0, where
symmetry arguments are insufficient. Consistency requires:
∆Eb=0 =
1
3
(A1)
=
∑
a
prob(a, b = 0)∆Eb=0|a∑
a
prob(a, b = 0)
(A2)
=
1
2
· 1
2
+ 1
4
·∆Eb=0|a=1
1
2
+ 1
4
(A3)
from which one deduces ∆Eb=0|a=1 = 0 and ∆Ea=1|b=0 =
1, as indicated in the last but one column of table II. By
symmetry ∆Ea=0|b=1 = 0 and ∆Eb=1|a=0 = 1.
Consequently, the mean energy contributions of each appa-
ratuses distributes in a natural way, see last but one column
of Table II.
So far so good. But let’s now look at the energy changes
with a resolution better than the energy unit. Such (rela-
tively) sharp energy measurements require time, but this is
not the issue we consider here (anyway, the distance between
Alice and Bob could be arbitrarily large - and if needed the
number of spins in the chain increased).
Assume first that a = b = 0 and the 3-spin system remains
in the ground state. This happens with a probability 1
2
·
1
2
= 1
4
as indicated in the first line of table II. In this case,
it is “obvious” that none of the 2 measurement apparatuses
provide any energy, as indicated by 0 = 0 + 0 in table II
(the question marks around “obvious” is an indication that
this is not obvious at all: actually, it is wrong as shown in
section VII). The next case that may happen is a = b = 0 and
∆E00 = 2, again with a probability
1
2
· 1
2
= 1
4
. By symmetry,
these 2 units of energy are provided symmetrically by both
apparatuses providing each one unit: 2 = 1 + 1.
Things get more interesting in the case a = 1, b = 0 and
∆E10 = 1 or ∆E10 = 2. Denote b1 and b2 Bob’s measurement
apparatus energy contributions for these two cases, respec-
tively, as indicated in Table II. When averaging over Alice’s
result one should recover the data of table I.
In the case ∆Eb = 1 the conditional probability that
∆Eb = 1 should equal to the average over Alice’s result:
prob(∆Eb = 1|b = 0) = 1
6
= prob(a = 0|b = 0)prob(∆Eb|a=0 = 1|a = 0, b = 0)
+ prob(a = 1|b = 0)prob(∆Eb|a=1 = 1|a = 1, b = 0)
=
2
3
· 1
2
+
1
3
δ(b1 = 1)
2
≥ 1
3
(A4)
which leads to a contradiction: it is impossible that each mea-
suring apparatus provides energy independently of whether
the other party performs also a measurement or not! Hence,
by measuring sharply the energy change of their measuring
apparatus each party should be able to deduce whether the
other party also measured her system. This would be true
signalling without post-selection. This aspect of the conun-
drum is also solved by the explicit construction of measure-
ment models that include the measurement apparatus and the
clock inside a larger quantum system, as described in section
VII.
Appendix B: Simultaneous measurements on one
spin, once the pointers have been measured
In this Appendix we analyse the state of the spin and clocks
after the two pointers have been measured, starting from the
pre-measurement state (24). Consider first the case where
both pointers are found in the initial state |0〉:
ψ00 =
{
− s3c| ↑〉e−2iω·max(x,y)
− sc3| ↑〉e−2iω·min(x,y)
+ s2c2| ↓〉e−2iω|x−y|
+ c4| ↓〉
}
· Φt(x, y) (B1)
The square norm of ψ00 provides the probability that the two
pointers are found in state |00〉:
|ψ00|2 = c2(1− 2s2c2) + s2c4F (B2)
where
F =
∫ ∫
dxdy(e2iω|x−y| + cc)|Φt(x, y)|2 (B3)
Similarly for the other possible results on the pointers’ mea-
surements:
|ψ11|2 = s2(1− 2s2c2) + s4c2F (B4)
|ψ01|2 = 2s2c4 − s2c4F (B5)
|ψ10|2 = 2s4c2 − s4c2F (B6)
Note that normalization is preserved,
∑
jk
|ψjk|2 = 1, as it
should.
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Let’s now assume that the clocks are initially in two inde-
pendent Gaussian states with the same width ∆, i.e.
Φt(x, y) =
1√
2pi∆2
e−(x−t+xi)
2/(2∆2)e−(y−t+yi)
2/(2∆2) (B7)
Then
F = 2 cos(2ω(yi − xi))e−4ω
2∆2 (B8)
Consider first the case where the energy indeterminacy of
the clocks is too large compared to ω to distinguish energy
exchanges, i.e. ω∆ << 1. In this case F ≈ 2 and both
pointers always give the same result and one recovers the
usual projection postulate:
ψ00 = −c|θ⊥〉 ψ11 = s|θ〉 (B9)
ψ01 = 0 ψ10 = 0 (B10)
while the clocks remains disentangled from the spin.
The other limiting case is more interesting. Assume
ω∆ >> 1, i.e. the clocks have well enough determined en-
ergies to distinguish energy exchanges. In this case F ≈ 0
and the probabilities for the different possible pointers’ mea-
surement results read:
|ψ00|2 = c2(1− 2s2c2) (B11)
|ψ11|2 = s2(1− 2s2c2) (B12)
|ψ01|2 = 2s2c4 (B13)
|ψ01|2 = 2s4c2 (B14)
If one traces out the clocks, one finds the spin in mixed states.
For example:
ρ11 = s
2(1− 2s2c2)
(
c2| ↑〉〈↑ |+ s2| ↓〉〈↓ |
)
(B15)
All of eqs (B11-B15) differ sharply from the predictions of
the projection postulate.
Appendix C: Simultaneous measurements of one
spin with entangled (squeezed) clocks
Let’s consider the case where the 2 clocks of subsection
VIC are initially entangled in such a way to have a strong
correlation in position, i.e. x ≈ y. The equations (23) and
(B1-B6) remain valid, except that F has to be re-computed
according to the clocks’ state.
Assume the initial state of the 2 clocks reads (up to nor-
malization):
φ0(x, y)
2 = e−(x+y+2xi)
2/2∆2+ · e−(x−y)2/2∆2− (C1)
with ∆− << ∆+. The parameter F defined in (B3) reads:
F = 2e−4ω
2∆2− (C2)
Since ∆− is small, F ≈ 2 and one recovers eqs (B9) and
(B10), i.e. the usual collapse happens and the two pointers
always provide the same result.
Appendix D: Global state in case Alice measures
before Bob
We apply the general solution (26) to the case where Al-
ice measures first and Bob next, such that their clocks don’t
overlap. Using notations similar to (24), i.e. |(x, p)〉 denotes
a wave-packet center around mean position x and mean mo-
mentum p, one gets for the 3-spin chain, together with Alice
and Bob’s pointers and clocks:
|ψ−1, 0A, 0B , (−xi, pa), (−yi, pB)〉 tAlice measures−→
|φ−1, 3·0+14 , 0, (t− xi, pA), (t− yi, pB)〉
+ |φ+1, 0−14 , 0, (t− xi, pA − 2), (t− yi, pB)〉
− |φ0, 0−14 , 0, (t− xi, pA − 1), (t− yi, pB)〉 (D1)
tAlice and Bob measure−→ φA<Bt
= |φ−1, 3·0+14 , 3·0+14 , (t− xi, pA), (t− yi, pB)〉
+ |φ+1, 3·0+14 , 0−14 , (t− xi, pA), (t− yi, pB − 2)〉
+ |φ0, 3·0+14 , 0−1√8 , (t− xi, pA), (t− yi, pB − 1)〉
+ |φ+1, 0−14 , 3·0+14 , (t− xi, pA − 2), (t− yi, pB)〉
+ |φ−1, 0−14 , 0+−14 , (t− xi, pA − 2), (t− yi, pB + 2)〉
− |φ0, 0−14 , 0−1√8 , (t− xi, pA − 2), (t− yi, pB + 1)〉
+ |φ+1, 0−1√
8
, 0−1√
8
, (t− xi, pA − 1), (t− yi, pB − 1)〉
− |φ−1, 0−1√
8
, 0−1√
8
, (t− xi, pA − 1), (t− yi, pB + 1)〉
− |φ0, 0−1√
8
, 0+1√
8
, (t− xi, pA − 1), (t− yi, pB)〉 (D2)
Each line of (D2) shows all the possible energy exchanges. For
example the second line corresponds to the case where the 3-
spin chain gained 2 energy units, provided by Bob’s clock;
the last bit one line corresponds to the case where the 3-spin
chain ends in the initial state φ−1 but exchanged energy with
both clocks such that eventually Alice’s clock lost one energy
unit and Bob’s clock gained this energy unit.
